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The length scale of the magnetization gradients in chiral magnets is determined by the relativistic
Dzyaloshinskii-Moriya interaction. Thus, even conventional spin-transfer torques are controlled by
the relativistic spin-orbit coupling in these systems, and additional relativistic corrections to the
current-induced torques and magnetization damping become important for a complete understand-
ing of the current-driven magnetization dynamics. We theoretically study the effects of reactive and
dissipative homogeneous spin-orbit torques and anisotropic damping on the current-driven skyrmion
dynamics in cubic chiral magnets. Our results demonstrate that spin-orbit torques play a significant
role in the current-induced skyrmion velocity. The dissipative spin-orbit torque generates a relativis-
tic Magnus force on the skyrmions, whereas the reactive spin-orbit torque yields a correction to both
the drift velocity along the current direction and the transverse velocity associated with the Magnus
force. The spin-orbit torque corrections to the velocity scale linearly with the skyrmion size, which
is inversely proportional to the spin-orbit coupling. Consequently, the reactive spin-orbit torque
correction can be the same order of magnitude as the non-relativistic contribution. More impor-
tantly, the dissipative spin-orbit torque can be the dominant force that causes a deflected motion of
the skyrmions if the torque exhibits a linear or quadratic relationship with the spin-orbit coupling.
In addition, we demonstrate that the skyrmion velocity is determined by anisotropic magnetization
damping parameters governed by the skyrmion size.
I. INTRODUCTION
The manipulation of submicron-scale magnetic el-
ements via electric currents has paved the way for
a promising new class of magnetoelectronic devices
with improved scalability, faster execution time, and
lower power consumption.1,2 The dominant mechanism
of current-driven magnetic excitations in conventional
metallic ferromagnets is the spin-transfer-torque (STT)
effect,3,4 in which spin angular momentum is transferred
from spin-polarized currents to the magnetization, gen-
erating the torque τ (r, t) on the magnetization:1,2
τ (r, t) = − (1− βm×) (vs ·∇)m. (1)
Here, the vector vs is proportional to the out-of-
equilibrium current density J and the spin polarization
of the current. The first term in Eq. (1) describes the
reactive STT, whereas the second term, which is propor-
tional to β, describes the dissipative STT.
In systems that lack spatial-inversion symmetry, an
alternative manner of generating current-induced mag-
netization torques is via relativistic intrinsic spin-
orbit coupling (SOC). Orbital momentum is (via SOC)
transferred to the spins, causing a so-called spin-
orbit torque (SOT) on the magnetization.5–21 Recently,
SOTs have been observed to lead to remarkably effi-
cient current-driven magnetization dynamics in ultra-
thin magnetic films and strained ferromagnetic semicon-
ductors.7–13,18–20,22,23 Similar to the STT in Eq. (1),
such SOTs also have reactive and dissipative contribu-
tions.21,24 Although the reactive homogeneous SOT is
known to scale linearly with the SOC to the lowest order,
6,7 there are only a few theoretical works regarding the
dissipative SOT that typically predict it to be smaller.24
However, a recent experiment and theory demonstrate
that the dissipative homogeneous SOT can be of the same
order of magnitude as the reactive part.21 SOTs can en-
able the design of significantly simpler devices because
the torques originate from a direct conversion of orbital
angular momentum into spin excitations and appear even
in homogenous ferromagnets with no external sources of
spin-polarized currents.
Magnetic skyrmions are vortex-like spin configura-
tions that cannot be continuously deformed into a ho-
mogeneous magnetic state.25 Experimentally, magnetic
skyrmion phases were first reported in bulk chiral mag-
nets,26–32 and more recently, they also have been ob-
served in magnetic thin films.33–38 Under the applica-
tion of a weak external magnetic field, a chiral mag-
netic system crystallizes into a two-dimensional lattice
of skyrmions in which the magnetic moment at the
core of each vortex is antiparallel to the applied field,
whereas the peripheral magnetic moments are parallel.
In ultra-thin magnetic films, the skyrmion phase be-
comes more energetically favorable with decreasing film
thickness,34–36,38,39 and for a single atomic layer of Fe, a
skyrmion structure at the atomic length scale has been
observed even in the absence of an external magnetic
field.34
In the context of spintronic applications, promising
characteristics of skyrmions are the extremely low depin-
ning currents31,32 that are required to move them and the
fact that they avoid pinning centers.40 A proposed expla-
nation of the latter feature is that the Magnus force acts
on the skyrmions, leading to a deflection of their mo-
tion.40,41 This force is closely linked to the topological
Hall effect and can be viewed as the reaction of the fic-
titious Lorentz force experienced by the itinerant quasi-
particles as their spins adiabatically align with the local
magnetization direction.
The underlying physical mechanism that gives rise to
the skyrmion phase is the Dzyaloshinskii-Moriya inter-
2action (DMI).42,43 The DMI has the same relativistic
origin as the homogeneous SOTs observed in ferromag-
netic heterostructures and strained ferromagnetic semi-
conductors. They both arise from the combined effect
of spin-orbit coupling and broken spatial-inversion sym-
metry. Neglected in earlier works concerning current-
induced skyrmion motion, a reactive SOT in chiral mag-
nets was predicted and studied for systems in the helical
phase in Ref. 44. However, the effect of reactive and dis-
sipative SOTs on the skyrmion dynamics in bulk chiral
magnets remains unknown. Such studies are important
because SOTs can be equally as important as the conven-
tional STTs in Eq. (1). This equal importance is because
the typical length scale of the spatial variations of the
magnetization is determined by the DMI, i.e., the mag-
netization gradients ∂imj scale as ∂imj ∼ D/J , where
D is the DMI parameter and J is the spin stiffness. Be-
cause D is linear in the SOC, even the non-relativistic
STT in Eq. (1) is proportional to the SOC to the lowest
order in the relativistic corrections. Thus, the SOTs in
chiral magnets can be of the same order of magnitude as
the conventional STT. Thus, a complete understanding
of the current-driven dynamics of chiral magnets requires
a correct treatment of SOC effects on both the current-
induced torques and magnetization damping.
The magnetization dynamics driven by currents or ex-
ternal fields strongly depends on dissipation. In isotropic
systems, the damping can typically be assumed to be de-
coupled from the magnetization direction and its texture.
However, this model does not necessarily extend to chi-
ral magnets. First, the broken spatial-inversion symme-
try allows for terms that are linear, not only quadratic,
in the magnetization gradients. Second, chiral magnets
have a preferred direction, and thus, the dissipation is
likely not isotropic and independent of the texture struc-
ture.
In this paper, we present a theoretical study of the
current-induced dynamics of skyrmions that correctly ac-
counts for the effects of SOC on both current-induced
torques and magnetization damping. Our results demon-
strate that SOC generates reactive and dissipative ho-
mogeneous SOTs that lead to important corrections to
the drift velocity along the current direction and to the
Magnus force. Another essential consequence of the SOC
is that the skyrmions experience effective damping and
torque parameters that depend on the current direction
relative to the crystallographic axes.
This paper is organized as follows. Section II intro-
duces the phenomenology of SOTs that was presented in
Ref. 45 and performs a similar phenomenological expan-
sion for the Gilbert damping tensor. In Section III, we
apply the phenomenology to the study of current-induced
skyrmion dynamics in cubic chiral magnets and derive a
collective coordinate description for the skyrmion veloc-
ity. Our results are summarized in Section IV.
II. PHENOMENOLOGICAL EXPANSION
We include the SOC effects phenomenologically by de-
riving an equation for the magnetization dynamics that
satisfies the symmetry of the underlying crystal struc-
ture. In deducing expressions for the torques and dis-
sipation, we perform a phenomenological expansion of
the magnetization-damping tensor and current-induced
torques in terms of the magnetization and its gradients.
The magnetic system is assumed to satisfy the local ap-
proximation, in which the magnetization dynamics de-
pends only on the local properties of the system. In
this approximation, the magnetization dynamics can be
phenomenologically expressed in terms of the Landau-
Lifshitz-Gilbert-Slonczewski (LLGS) equation:
m˙ = −γm×Heff +m×αm˙+ τ . (2)
Here, m(r, t) is the unit vector of the magnetization
M(r, t) = Msm(r, t), γ is (minus) the gyromagnetic ra-
tio, and Heff(r, t) = −δF [M]/δM is the effective field
determined by the functional derivative of the magnetic
free-energy functional F [M] =
∫
drF . F(r, t) is the
free-energy density. The second term on the right side
of Eq. (2) describes the magnetization damping, where
α(r, t) is a symmetric, positive-definite second-rank ten-
sor that depends on the local magnetization direction
and local magnetization gradients. The torque τ (r, t) in
Eq. (2) represents the current-induced torques.
The free-energy density of a magnetic system is, to the
second order in the magnetization gradients,
F = Jij∂iM · ∂jM+DijkMi∂jMk +K
(1)
ij MiMj +
K
(2)
ijklMiMjMkMl −M ·B. (3)
The tensor Jij is the spin stiffness, Dijk describes the
DMI, and B is an external magnetic field. In an
inversion-symmetric system, Dijk = 0. The two terms
proportional to K
(1)
ij and K
(2)
ijkl represent the two first
harmonics in the phenomenological expansion of the
magnetocrystalline anisotropy energy. Jij , Dijk, K
(1)
ij ,
and K
(2)
ijkl are polar tensors that are invariant under the
point group of the system.46 In the above equation and
in what follows, we assume summation over repeated in-
dices, and ∂i is a shorthand notation for ∂/∂ri.
A similar phenomenological expansion can be per-
formed for the Gilbert damping tensor α(r, t). To the
second order in the spatial magnetization gradients, we
obtain
αij = α
(0)
ij + α
(1)
ijklmkml + α
(2)
ijklpmk∂lmp +
α
(3)
ijklpq∂kml∂pmq + α
(4)
ijklpqmk∂l∂pmq. (4)
Again, the tensors α
(0)
ij , α
(1)
ijkl , α
(2)
ijklp, and α
(3,4)
ijklpq are in-
variant under the point group of the system, and the
tensor α
(2)
ijklp only appears in systems with broken spatial-
inversion symmetry, such as chiral magnets, the focus of
3this study. Terms that are odd under time reversal do
not appear in the expansion because such terms do not
represent dissipative processes.
Recently, in Ref. 45, we carried out a phenomenologi-
cal expansion of the current-induced torque τ (r, t). The
starting point of the derivation is to write down the most
general form of the torque in the linear-response regime
and in the local approximation:
τ (r, t) = m× ηJ . (5)
The second-rank tensor (η[m,∇m])ij , which we refer to
as the fieldance tensor, depends on the local magnetiza-
tion direction and local gradients of the magnetization.
The fieldance tensor contains all information concerning
the local torque. The general form of the fieldance ten-
sor is not known in systems with strong SOC, but recent
experiments indicate that it has a complicated struc-
ture.18–21 Therefore, we expand the fieldance tensor in
powers of mi and ∂jmi to find simplified expressions for
the allowed torques:
ηij = Λ
(r)
ij +Λ
(d)
ijkmk+βijkl∂kml+Pijklnmk∂lmn+... (6)
The first and second terms in Eq. (6) represent the re-
active and dissipative homogeneous SOTs, respectively,
that recently have been observed experimentally.7,8,21
These terms are only present in systems with broken
spatial-inversion symmetry. The last two terms in Eq. (6)
represent a generalization of the torque in Eq. (1). In the
non-relativistic limit, in which the system is invariant un-
der separate rotations of the spin space and coordinate
space, the βijkl term and Pijkln term are equal to the
dissipative and reactive STTs in Eq. (1), respectively.45
When SOC is included, the forms of the tensors in
Eq. (6) are, as for the free energy and magnetization
damping, determined by the crystal symmetry: Λ
(r)
ij and
Pijkln become invariant axial tensors of the point group,
whereas Λ
(d)
ijk and βijkl become invariant polar tensors of
the point group. Higher-order terms in the expansion of
the fieldance tensor represent torques with higher degrees
of anisotropy. However, the leading-order terms explic-
itly written in Eq. (6) provide a sufficient description of
the current-driven dynamics for many materials.
III. CHIRAL MAGNETS AND SKYRMION
DYNAMICS
We now focus on bulk magnets with cubic B20-type
crystal structures. Examples of such magnets include
MnSi, FeGe, and (Fe,Co)Si. The symmetry of these sys-
tems is described by the tetrahedral point group T (in
the Scho¨nflies notation).
We begin by writing down the specific form of the in-
variant tensors in systems described by the point group
T.47,48 The invariant tensors lead to phenomenological
expressions for the free energy, Gilbert damping tensor,
and current-induced torque given in Sec. II. A collec-
tive coordinate description is then applied to model the
current-driven dynamics of the magnetic system.
A. Invariant tensors
The point group T is the smallest of the five cubic
point groups and consists of 12 proper rotation opera-
tors: the identity operator; three two-fold rotation op-
erators about the x, y, and z axes; and eight three-fold
rotation operators about the body diagonals of the cube.
Because the group only consists of proper rotations, the
invariant axial and polar tensors have the same form.46
In the present study, expressions are required for all ten-
sors written explicitly in Section II, with the exception of
α(3) and α(4) in Eq. (4) because we expand the Gilbert
damping tensor to the lowest order in the magnetization
gradients. Thus, we will consider invariant tensors up to
the fifth rank.
Invariant second-rank tensors Tij are described by one
independent tensor coefficient:
Tij = Tδij . (7)
Here, δij is the Kronecker delta. Invariant third-rank
tensors are described by two independent tensor coeffi-
cients, and their non-vanishing elements satisfy the two
symmetry relations
Txyz = Tyzx = Tzxy, (8)
Txzy = Tyxz = Tzyx. (9)
Invariant fourth-rank tensors are described by seven in-
dependent coefficients that satisfy the relations
Txxxx = Tyyyy = Tzzzz, (10)
Txxyy = Tyyzz = Tzzxx (p = 3), (11)
Txxzz = Tyyxx = Tzzyy (p = 3), (12)
where p = 3 indicates the three different symmetry
relations obtained from the expression by holding the
first index constant and permuting the last three in-
dices. For example, Eq. (11) also yields the relations
Txyyx = Tyzzy = Tzxxz and Txyxy = Tyzyz = Tzxzx.
Invariant fifth-rank tensors are determined by 20 inde-
pendent tensor coefficients whose non-vanishing elements
satisfy the symmetry relations
Txxxyx = Tyyyzx = Tzzzxy (p = 20). (13)
Here, p = 20 refers to the 20 independent symmetry re-
lations obtained from Eq. (13) via permutations of the
five indices.
There are 68 independent tensor coefficients that de-
termine the required free energy, torques, and damping
to describe current-induced skyrmion motion. Whereas
the number of parameters might appear overwhelming,
we demonstrate below that only certain combinations of
these parameters appear in the final results, which are
more transparent.
4B. Collective coordinate description
We apply a collective coordinate description to model
the current-driven magnetization dynamics.49 The mag-
netic state is assumed to be parameterized by a set of
time-dependent collective coordinates {ai(t)|i = 1, 2, ...}
such that m(r, t) = m(r, {ai(t)}). The equations of mo-
tion for the collective coordinates are then given by
(Γij −Gij) a˙j = γFi + Li. (14)
Here, the matrices Γij and Gij are Gij =
∫
m ·
[(∂m/∂ai) × (∂m/∂aj)]dV and Γij =
∫
(∂m/∂ai) ·
α(∂m/∂aj)dV, and Fi is the force attributable to the ef-
fective field, Fi =
∫
Heff · (∂m/∂ai)dV. The force on the
collective coordinates attributable to the current-induced
torque is represented by Li =
∫
(∂m/∂ai) · [m × τ ]dV.
We compute the above matrices and vectors, which are
governed by the 68 independent tensor coefficients dis-
cussed in the previous section, and determine the rate of
change of the collective coordinates.
C. Equations of motion
A current density J = [Jx,Jy,Jz] is applied to the
system, and an external magnetic field is applied along
the z axis such that a lattice of skyrmions forms in the
xy plane. The skyrmion lattice is assumed to be undis-
torted during the current-driven dynamics. In this ap-
proximation, we can disregard rotations of the magnetic
texture50, and the skyrmions can be considered a lattice
of non-interacting particles, where each skyrmion is de-
scribed by
mx =
2qR(y − ry)
(x− rx)2 + (y − ry)2 +R2
, (15)
my = −
2qR(x− rx)
(x− rx)2 + (y − ry)2 +R2
, (16)
mz = −q
(x− rx)
2 + (y − ry)
2 −R2
(x− rx)2 + (y − ry)2 +R2
. (17)
The two-dimensional center-of-mass coordinates rx and
ry are the collective coordinates that describe the dynam-
ical evolution of each skyrmion. Distortions introduce an
additional collective coordinate, which describes the ro-
tational motion of the skyrmions.50 The parameters R
and q ∈ {1,−1} are the size and topological charge of
the skyrmion, respectively.
Disregarding terms that are of second order in the
Gilbert damping parameters, the collective coordinate
formulas presented in Section III B generate the veloc-
ity of the center of mass:(
r˙x
r˙y
)
= −
((
P effy +RΛ
eff
r
)
Jx(
P effx +RΛ
eff
r
)
Jy
)
+ (18)
q
(
−
(
P effy β
eff
y − P
eff
x α
eff
y
)
Jy(
P effx β
eff
x − P
eff
y α
eff
x
)
Jx
)
+
qR

−
(
Λeffd,y − Λ
eff
r α
eff
y
)
Jy(
Λeffd,x − Λ
eff
r α
eff
x
)
Jx

 .
Here, P effx and P
eff
y (P
eff
x β
eff
x and P
eff
y β
eff
y ) are effective re-
active (dissipative) STT parameters that are linear com-
binations of the tensor coefficients Pijkln (βijkln) and α
eff
x
and αeffy are effective Gilbert damping parameters that
are linear combinations of the tensor coefficients α
(0)
ij ,
α
(1)
ijkl, and α
(2)
ijklp. The parameters β
eff
x and β
eff
y are dimen-
sionless and determined by the ratio between the dissipa-
tive and reactive STT. Their magnitude is proportional
to the spin-flip rate, which is of second order in the SOC.
The effective Gilbert damping parameters depend on the
skyrmion size R in combination with the α
(2)
ijklp tensor,
i.e., the parameters can be decomposed into two terms,
αeffx,y = α
′
x,y+R
−1α
′′
x,y where α
′′
x,y depends on α
(2)
ijklp. The
effective reactive and dissipative homogeneous SOT pa-
rameters Λeffr , Λ
eff
d,x, and Λ
eff
d,y are proportional to the ten-
sor coefficients of Λ
(r)
ij and Λ
(d)
ijk. The effective parameters
in Eq. (18) determine the current-driven magnetization
dynamics and can be extracted from experiments. Their
explicit forms and relations to the invariant tensors are
given in Appendix A.
To reveal the effects of the SOC, let us compare the ex-
pression for the velocity of the center of mass in Eq. (18)
with the conventional expression for the velocity in the
non-relativistic limit, in which the homogeneous SOTs
vanish, and the STT and the Gilbert damping parame-
ters satisfy the symmetry relations P eff ≡ P effx = P
eff
y ,
βeff ≡ βeffx = β
eff
y , and α
eff ≡ αeffx = α
eff
y :
r˙ = −P effJ + qP eff(βeff − αeff)zˆ×J . (19)
Comparing Eqs. (18) and Eq. (19) indicates that the SOC
introduces several important effects on the skyrmion dy-
namics.
First, the equations of motion in Eq. (18) are no longer
rotationally symmetric about the z axis. Clearly, the ef-
fective torque and damping parameters that govern the
motion along the x and y axes differ because there are no
symmetry operations that relate the two axes. Thus, dif-
ferent current-driven velocities can be observed for cur-
rents applied along the two directions, and a measure-
ment of this velocity anisotropy provides a simple test
for investigating the importance of the SOC. A current
along the z axis does not influence the velocity in the
linear-response regime.
Second, the SOTs strongly affect the skyrmion mo-
tion along the current direction. The reactive homoge-
neous SOT leads to a renormalization of the drift velocity
5along the current direction that scales linearly with the
skyrmion size R. The reason for this linear dependency
is that the homogeneous SOTs do not depend on the
magnetization gradients. Thus, the homogeneous SOTs
couple more strongly to larger skyrmions, whose textures
are distributed over a larger spatial region. Because Λeffr
is linear in the SOC, whereas R scales as the inverse of
the SOC (and thus the product RΛeffr is independent of
the SOC), the reactive SOT contribution to the drift ve-
locity can be of the same order of magnitude as the terms
that are induced by the reactive STT, i.e., the terms pro-
portional to P effx and P
eff
y .
Third, SOTs also strongly influence the Magnus force.
The terms proportional to q in Eqs. (18)-(19) repre-
sent the transverse drift velocity induced by the Mag-
nus force. Both the reactive and dissipative homogenous
SOTs produce corrections to the Magnus-force-induced
motion that scale linearly with R. Using the same ar-
guments as above, the reactive SOT yields a transverse
drift velocity ∼ RΛeffr α
eff
i that can be of the same or-
der of magnitude as the non-relativistic terms ∼ P effi β
eff
i
and ∼ P effi α
eff
i (i ∈ {x, y}) if β
eff
i << 1. The most in-
teresting observation from Eq. (18) is the contribution
of the dissipative homogeneous SOT to the transverse
velocity. In contrast to the terms that arise from the
STTs and reactive SOT, the dissipative SOT produces
a transverse velocity that depends neither on damping
parameters nor the dimensionless effective β parameters.
The velocity is solely determined by the values of RΛeffd,x
and RΛeffd,y. There is little knowledge regarding the mag-
nitude of the dissipative homogeneous SOT and how it
depends on the SOC in chiral magnets. However, a re-
cent experiment concerning (Ga,Mn)As indicated that
the dissipative part can be comparable in magnitude to
the reactive part. If the same result is applicable to chi-
ral magnets, the dissipative homogeneous SOT provides
the largest contribution to the transverse drift velocity
and is the dominant driving force that causes deflected
motion of the skyrmions. This relativistic Magnus force
is not linked to the fictitious magnetic field generated by
the spin texture but instead arises from the dissipative
part of the out-of-equilibrium spin density generated by
the SOC combined with an applied electric field.
The three independent tensor coefficients that de-
scribe the reactive and dissipative homogeneous SOTs
can be extracted from spin-orbit ferromagnetic resonance
(FMR) measurements.11,21 An external magnetic field is
used to align the magnetization along different directions
relative to the bar direction, and an alternating current
is applied to produce microwave SOTs within the sample
that resonantly drive the magnetization. The reflected
direct current contains information regarding the magni-
tude of the SOTs. We believe that such a measurement of
the SOTs will be one of most interesting tasks for future
experimental work concerning chiral magnets.
Just prior to the submission of our paper, a related
theoretical work concerning SOTs and skyrmions in mag-
netic thin films was presented.51 However, that work con-
siders a different symmetry class that is intended for the
description of ultra-thin ferromagnetic heterostructures,
in which there is complete rotational symmetry and bro-
ken spatial-inversion symmetry along a transverse direc-
tion. Both reactive and dissipative Rashba SOTs are
considered in their study, and they demonstrate that the
SOTs also play a significant role in the skyrmion dy-
namics of these systems. However, only isotropic and
spatially independent damping is considered.
IV. SUMMARY
In summary, we studied the effects of SOC on the
current-driven dynamics of skyrmions in cubic chiral
magnets. We performed a phenomenological expan-
sion of the Gilbert damping tensor and current-induced
torques that accounts for the relativistic SOC effects. A
collective-coordinate description was applied to model
the current-induced motion of the skyrmions. Our re-
sults demonstrated that the skyrmion velocity depends
on the direction of the applied current relative to the
crystallographic axes and that the SOTs contribute sig-
nificantly to the current-induced velocity. The reactive
SOT induces a correction to both the parallel and trans-
verse drift velocities of the skyrmions that is of the same
order of magnitude as the non-relativistic contributions.
If the dissipative SOT exhibits a linear or quadratic rela-
tionship with the SOC, it produces a relativistic Magnus-
force motion that is larger than the transverse drift ve-
locity induced by conventional STTs. The SOTs cannot
be neglected in the modeling of current-driven skyrmion
dynamics because they do not depend on the gradients
of the magnetization and couple more strongly to larger
skyrmions.
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Appendix A: Effective Parameters
Below, we provide the expressions for the effective
torque and damping parameters in terms of the tensor
coefficients of the invariant tensors given in Section II.
The effective damping parameters are
6αeffx =
1
60
(60a(0) + 12a(1)xxxx + 19a
(1)
xxyy + 29a
(1)
xxzz − 10a
(1)
xyxy − 10a
(1)
xyyx − 2a
(1)
xzxz − 2a
(1)
xzzx)−
1
30R
(3a(2)xxxyz − 5a
(2)
xxxzy − 9a
(2)
xxyxz + 10a
(2)
xxyzx + 7a
(2)
xxzxy − 6a
(2)
xxzyx + 8a
(2)
xyxxz − 6a
(2)
xyxzx −
2a(2)xyyyz + 4a
(2)
xyyzy − 2a
(2)
xyzxx + 2a
(2)
xyzzz + 2a
(2)
xzxxy − 2a
(2)
xzxyx − 2a
(2)
xzyxx + 2a
(2)
xzyyy), (A1)
αeffy =
1
60
(60a(0) + 12a(1)xxxx + 29a
(1)
xxyy + 19a
(1)
xxzz − 6a
(1)
xyxy − 6a
(1)
xyyx − 6a
(1)
xzxz − 6a
(1)
xzzx)−
1
30R
(5a(2)xxxyz − 3a
(2)
xxxzy − 7a
(2)
xxyxz + 6a
(2)
xxyzx + 9a
(2)
xxzxy − 10a
(2)
xxzyx + 2a
(2)
xyxzx − 2a
(2)
xyyyz +
2a(2)xyzxx − 2a
(2)
xyzzz − 6a
(2)
xzxxy + 6a
(2)
xzxyx + 2a
(2)
xzyxx − 2a
(2)
xzyyy − 4a
(2)
xzzyz). (A2)
The effective polarizations are
P effx = −
1
12
(Pxxxzy + 3Pxxyxz − Pxxyzx − 3Pxxzxy − Pxyxxz + Pxyyyz + Pxyzxx − Pxyzyy − Pxzyyy +
Pxzyzz + Pxzzyz − 3Pxzzzy), (A3)
P effy =
1
12
(Pxxxyz − 3Pxxyxz + 3Pxxzxy − Pxxzyx − 3Pxyyyz + Pxyyzy + Pxyzyy − Pxyzzz − Pxzxxy +
Pxzyxx − Pxzyzz + Pxzzzy). (A4)
The effective β factors are defined via the expressions
P effx β
eff
x = −
1
6
(βxxxx − βxxyy + 2βxyyx − βxzxz + 3βxzzx), (A5)
P effy β
eff
y =
1
6
(−βxxxx + βxxzz + βxyxy − 3βxyyx − 2βxzzx), (A6)
and finally, the effective SOT parameters are given by
Λeffr = −Λ
(r)
xx/2, Λ
eff
d,x = −Λ
(d)
xyz/2, Λ
eff
d,y = Λ
(d)
xzy/2. (A7)
These expressions are used to quantify the center-of-mass velocity in Eq. (18).
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